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The Eiffel tower is the most visited monument in the world. Millions of visitors have taken millions of
pictures of it over the last century but apparently a dynamic picture (that is a dynamic characterization)
does not exist or is not publicly available. In this paper we show the amount of information that can be
extracted from a few recordings of ambient tremor collected on the tower and on the surrounding subsoil
with a single pocket seismometer in a few minutes, during a leisure visit. We also propose a numerical
model for the tower, capable to fit the observed data. This is interesting because the mass and stiffness
distribution of the tower is unique and does not follow any modern construction rule. The dynamic model
of the tower would also be important if Paris were a high seismic hazard town, which is not. According to
our model, the tower could withstand peak ground accelerations >100% larger than the values prescribed
by current seismic hazard estimates. Regarding the wind, Eiffel could only study its effects from a static
planar point of view, while the model allowed us to follow a 3D approach and to assess the expected dis-
placements under different loads. Last, the dynamic model of the tower is also important to better design
the future interventions and to monitor the ageing of the structure.

� 2016 Elsevier Ltd. All rights reserved.
1. Introduction

One of us (L.P.) is used to spend his vacations in Paris and one
day, while watching his pictures of the town, another one of us
(S.C.) proposed him to take a different picture of the town most
famous structure. This said, on November 13th 2015, these two
of us left for Paris with a pocket seismometer in the backpack
and decided to climb the Eiffel Tower to measure its dynamic
behavior, since surprisingly nobody has done it before, at least to
our knowledge based on bibliographic research. In the literature
several studies about the tower shape [12,38] and its foundations
[2] can be found, as well as studies on the tower behavior to wind
[9,26,37]. According to the French newspaper Le Moniteur [21], a
2 year project to create a numerical model of the tower was going
to be realized by the Société d’Exploitation de la Tour Eiffel but we
have not found any further information on this.

Before leaving, we bet with two structural engineers (M.B. and
S.I.), expert in steel structures, about what to expect from the mea-
surements and they liked the idea of joining us in the subsequent
numerical modelling.

Countries characterized by high seismic hazard are used to
measure the dynamic response of buildings in order to tune their
numerical models and better plan retrofitting actions and/or to
quantify the results of a retrofit. However, according to the Global
Seismic Hazard Map [14] and its revisions (SHARE Consortium,
[39]), seismic hazard in Paris is low (the bedrock peak ground
acceleration with 10% exceedance probability in 50 years is equal
to 0.02–0.04 g only) and this is possibly one of the reasons why a
dynamic characterization of the Eiffel tower is not apparently
available. Nevertheless, the dynamic characterization of a structure
is relevant not only to forecast or design its response to seismic
actions but also, for example, to forecast or design its response to
the wind actions. Gustave Eiffel studied the effect of wind on the
tower but he could only approach this from a static point of view
[10].

In addition to this, the dynamic characterization of the Eiffel
tower is interesting because, beyond being the most visited paid
monument in the world, the tower is very tall (more than 300 m)
and light, which means that it is an unusual structure with a large
stiffness and a small mass, whose behavior escapes any intuitive
forecast.

In setting up a numerical model for the tower, another interest-
ing fact arises: the non-structural masses of the tower changed
over time. The original drawings of the Eiffel’s engineering team
are available [10]. In these drawings we could find the size and
mass of every single structural and decorative element of the
tower. However, it is easy to recognize that the non-structural
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Fig. 1. Geological map redrawn from BRGM [3]. The perimeter of the Eiffel tower is
marked by the black square. The numbers indicate the location of the H/V surveys.
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masses are strongly different today, compared to 1889 and deter-
mining the distribution of the masses at present by fitting the
numerical model with the experimental data is an interesting
exercise.

2. Experimental survey

The Eiffel tower, one of the most iconic and popular buildings in
the world, was designed by Gustave Eiffel and completed in 1889
for the World’s Fair. From its construction to 1930, with its
324 m height, it was also the tallest building in the world. As any-
one knows, it consists of a puddled iron lattice tower, divided into
3 levels, whose main geometrical features are summarized in
Table 1. We note that these values are those declared by Eiffel him-
self in the original drawings [10] and that some of them have cer-
tainly changed over the years.

The foundations are 4 separate plinths for each leg (Table 1),
which means – and which probably sounds unexpected to most
engineers, 16 separate foundations. These are set at a depth of
7 m, where, according to the geological map (Fig. 1) and to the
trenches dug during the tower construction, sands and gravels
are present.

Before attempting any numerical modelling of the tower, we
first characterized the dynamic behavior of the subsoil where it
is founded and of the tower itself.

2.1. The subsoil

According to the official geological map [3] the area of the
Champ de Mars in Paris is characterized by outcropping conglom-
erates (C in Fig. 1) and silts and sands (SS). The excavations, per-
formed in 1887 for the construction of the tower foundations,
actually revealed no conglomerates and silt and sand alternations
in the first 20 m, with just a few meter thickness layer of chloritic
limestone (Fig. 3 in Plate II, [10]).

In order to get some quantitative information about the local
subsoil properties, we performed a type of geophysical prospection
that can be acquired with a single instrument. This is based on the
principle that the surface of the Earth is continuously excited by
seismic waves produced by natural sources (e.g., atmospheric per-
turbations, wind, ocean waves etc.) and anthropic sources (traffic,
human activities, etc.). These vibrations (called microtremor or
ambient noise) are enough to make the subsoil vibrate at its reso-
nance frequencies, exactly as a building vibrates at its modal fre-
quencies under any excitation. In a single degree of freedom
oscillator (SDOF, assumed as the basic model of simple structures),
the resonance or modal frequencies of the oscillator are well
known to be directly proportional to the stiffness k and inversely
proportional to the mass m:

f SDOF ¼
1
2p

ffiffiffiffiffi
k
m

r
ð1Þ
Table 1
Main facts and features of the Eiffel tower.

Contractor Gustave Eiffel
Engineers Maurcie Koechlin, Emile N
Architect Stephen Sauvestre

Construction 28 January 1887–31 Marc
Composition 18,000 metal components
Total weight (according to the original drawings) 10,100 tons (7300 tons of

Total weight (at present) 11,700 tons
Length of each side of the tower at ground level 125 m

Gap between the feet 72 m
Width of feet 26 m
Subsoils also are oscillators, whose stiffness l is an elastic con-
stant linked to the shear wave velocity VS and density of the med-
ium q, while the mass, being the subsoil interpreted as a laterally
infinite medium, is described by the thickness H of the resonating
layer.

f subsoil ¼
VS

4H
; where VS ¼

ffiffiffiffi
l
q

r
ð2Þ

By comparing Eqs. (1) and (2) we note that the resonance fre-
quency of a structure idealized as a SDOF oscillator and of an ide-
alized subsoil are described by the same equation, with an extra 2
factor at the denominator of Eq. (2) (due to the phase reversal of
seismic waves after the first reflection from a soft to a stiff layer,
[40]). From Eq. (2) it is also clear that if we can measure the reso-
nance frequency of a subsoil and we have an estimate of VS in the
same layer, then we can know its thickness and vice versa.

The microtremor spectra recorded at a site vary with the source
producing them and have therefore seasonal and diurnal fluctua-
tions. It has been shown, and is commonly accepted in the seismo-
logical literature, that the ratio between the horizontal and the
vertical components (H/V) has an effective normalization power:
it clears the source effect, thus revealing the path effect, that is
the subsoil properties in terms of resonance frequency [4]. For
the physical explanation we address to Fäh et al. [11], SESAME
[28], Tuan et al. [35] and references therein.

We applied this subsoil exploration technique around the Eiffel
tower (Fig. 1). Microtremor was recorded at 3 sites for 10 min at
512 samples per second with the 3-component tromometer Tro-
mino� (MoHo s.r.l.). The recorded signal was divided into 30 s win-
dows. The signal of each window was detrended, tapered with a
Bartlett window, padded and FFT transformed. The average H/V
First floor
ouguier Height of the platform 58 m

Length of sides 71 m

h 1889 Intermediate floor
. 2,500,000 rivets Height of the platform 116 m
the metal structure) Length of sides 41 m

Third floor
Height of the platform 312 m (in 1889)

324 m (today)
Length of sides 18.6 m



Fig. 2. H/V curves (average ± standard deviation) acquired on the ground at the locations indicated in Fig. 1. A 2 Hz resonance frequency is clearly visible at all sites and is
interpreted as the resonance of about 50 m sediments overlying the local bedrock.
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functions and the standard deviations were then calculated and are
illustrated in Fig. 2, where a dominant resonance frequency at 2 Hz
is clearly visible at all sites.

A multichannel analysis of surface waves ([23]) acquired in
2014 at a nearby site for a construction engineering work, was
kindly provided by the company Miage (Laval, France, Fig. 3B)
and the joint fit of the H/V and dispersion curves allowed us to
get a VS (and therefore a stiffness) profile of the foundation subsoil
of the Eiffel tower down to approximately 50 m, where the bedrock
responsible for the 2 Hz resonance is located. The theoretical H/V
and dispersion curves were obtained though the Grilla software
written by one of the author (S.C.) and described in Castellaro
and Mulargia [5].
2.2. The tower

The location, number and duration of the measurements inside
the tower was conditioned by the accessibility (the centre of each
platform, for example, is not accessible with the sole exception of
level 2). The same portable seismometer used for the survey on the
ground (10 � 7 � 14 cm, <1 kg) was then placed inside a paper
shopping bag (Fig. 4) in order not to distract other visitors (whose
transit close to the instrument would disturb the measurements)
Fig. 3. Joint fit of the H/V (panel A) and MASW (panel B)
and we kept it stored inside the shopping bag during all the
recordings.

We recorded ambient vibrations at the 3 platforms (55 m, 116,
270 m height), along the south pillar, as shown in Fig. 5. At all
levels we took two 10 min (1024 samples per second) recordings,
one with the instrument horizontal axis parallel to the tower rim
and the other with the instrument horizontal axis set along the
diagonals of the tower. The two sets of measurements are in some
way redundant, since they just measure the same motion in two
different coordinate systems. However, we took two recordings
at each level and at close distance for cross-check. On the second
floor we managed to take an additional recording approximately
in the centre of the platform, where the toilets are presently
located. We used this recording to better recognize the torsion
modes.

The observation of the spectral peak frequencies (Figs. 6–8)
allows us to identify the main vibration modes of the tower and
the observation of the spectral inter-plane and intra-plane ampli-
tudes allows us to make precise inferences about the mode shapes
(see the discussion for more information about the requirement of
stationarity of the excitation function). We note that since we used
a seismometer for the recordings, the output data are in velocity
(here we use mm/s). In Fig. 9, however, we show the module (i.e.
the absolute value) of the recorded mode shapes in displacement.
recordings to get a Vs profile of the subsoil (panel C).



Fig. 4. The pocket seismometer (Tromino�) used in this study during a recording on the first level of the Eiffel tower. The frames on the right illustrate the size of the device
and the way we took the recordings. The instrument was placed inside a paper shopping bag to prevent visitors from getting close to it to ask questions. People transit too
close to the instrument would affect its measurements. We sat/stood next to the bag for the whole duration of the recordings.

Fig. 5. Location of the measurement inside the tower and instrumental orientation. P stands for parallel (to the tower rim), D stands for diagonal, C for central. The number
refers to the level.

S. Castellaro et al. / Engineering Structures 126 (2016) 628–640 631
We get the module of the mode shape and not the real mode shape
because our recordings were not synchronous at the different
levels and we could not derive information on the phase of the sig-
nal among the different levels. However, this makes a difference
only for modes higher than the fundamental one and getting the
absolute value of the mode shape is still an important information
in the mode identification.
The first horizontal flexion mode of the tower appears clearly at
the frequency of 0.32 Hz (period of 3.1 s, Fig. 6). At this frequency
the motion involves particularly the upper part of the tower, how-
ever a large vertical rocking is also observed at all levels, which
implies that the ground participates to this movement and that
the soil-structure interaction cannot be neglected in the models
[32,33].



Fig. 6. First flexion/rocking mode of the tower (0.32 Hz) as measured at the top level. Note that the vertical scale is one order of magnitude smaller than the horizontal ones.
ASD stands for Amplitude Spectral Density.

Fig. 7. Horizontal spectra recorded at the second level of the tower in external,
intermediate and central positions (D2, P2, C2 in Fig. 5). Torsion modes can be easily
recognized because the linear velocity at the centre of the level must be much lower
compared to the peripheral positions: this occurs at 1.3 and 2.1 Hz. Flexion modes,
on the opposite, displace the same floor with the same amplitude: this occurs at 1
and 1.7 Hz. The mode sequence in this picture is therefore flexion (1 Hz), torsion
(1.3 Hz), flexion (1.7 Hz) and torsion (2.1 Hz). ASD stands for Amplitude Spectral
Density.

632 S. Castellaro et al. / Engineering Structures 126 (2016) 628–640
A second horizontal flexion mode appears at 1 Hz (1 s) and can
be classified as a flexion because the linear velocity of motion of
the central and peripheral locations is the same (Fig. 7).

A third mode appears at 1.2 Hz (0.8 s), which must be a torsion
because the linear velocity of motion in the centre tends to zero
compared to the peripheral locations (Fig. 7).

Then again we have two horizontal flexion modes (1.4 and
1.7 Hz) and a second torsion mode (2.1 Hz, Figs. 7 and 8). The
experimental findings are summarized in Table 2.

The absolute horizontal displacements recorded at each level
and for each mode are illustrated in Fig. 9. The mass distribution
is definitely not linear along the tower. From the original drawings
in Eiffel [10] we have estimated that 5,920,000 kg can be referred
to the measurements on the first floor, 2,485,000 kg can be traced
back to the motion recorded on the second floor and 1,272,000 kg
to the motion recorded on the third floor. We will therefore com-
pute the percentage of the mass participating to each modal move-
ment by attributing 61%, 26% and 13% of the total mass to the first,
second and third floor displacement respectively. As shown in
Table 2, this suggests that the fraction of the total mass moved
in the horizontal component at mode 1 is 40%, followed by 5
modes with approximately the same importance (they move 5–
7% of the total mass each).
3. Finite element model (FEM)

We constructed a geometrical model of the tower (Fig. 5), faith-
fully reproducing the original drawing by Eiffel [10]. From these we
derived both the structural and non-structural masses. Some of the
latter were removed from the model because they do not exist any-
more (e.g. some machineries installed between the second and the
third floor that served for the elevators) while other non-structural
masses were added because they did not exist in the original draw-
ings (e.g., the radio antennas on the top and other devices). Details
in the following discussion.

From the geometrical model, we built a 3-dimensional finite
element model with the software MIDAS GEN rel. 8.4.0 (MIDAS-
FEA), consisting in 3472 nodes and 8773 elements. The non-
structural masses have been applied to 1143 nodes. The beams
have been divided only at the nodes connecting them with other
beams, in order to avoid local vibration modes, not interesting in
this study. The floors were modelled as stiff layers.

We used BEAM elements (6 degree of freedom end nodes
grouped into 57 different sections, see Appendices A and B), in
place of the more common TRUSS elements [29], characterized
by normal stress only, because some beams (e.g. the face diago-
nals) have a complex lattice structure with high flexion stiffness.

The elements, which were built with puddled iron (i.e. low car-
bon content iron) were modelled as S355 according to the modern
classification systems (European Norm 10,025).

As stated in the previous section, the strong rocking observed
(which implies a ground deformation), suggested to model the
soil-structure interaction. To this aim we connected the 4 founda-
tions of each leg to the ground through 3-axial Winkler springs,
characterized by vertical stiffness k = 3 kg/cm3, applied to each of
the 16 foundation elements (6 � 15 m each). However, we
observed that the Winkler module (whatever its value) does not
affect the model result to a significant extent, probably because
the vertical stress is only 0.8 kg/cm2 (11,700 tons divided by
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Fig. 8. Horizontal spectra recorded at the 3 levels in the two horizontal directions parallel to the tower rim in the frequency interval [0.8,3] Hz, which means that the first
flexion mode is external to the figure (this can be seen in Fig. 6). ASD stands for Amplitude Spectral Density.

Fig. 9. Modules of the maximum horizontal displacement recorded at the different
levels of the tower at the first 5 modal frequencies. The amplitude of the first flexion
mode is much larger at the top level than the others (0.56 mm), so that it goes out of
the image.
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16 � 6 � 15 m2), which can be supported by even poor quality sub-
soils at 7 m depth. More in detail, by changing the Winkler module
of a factor 102 (from 0.3 to 30 kg/cm3) we observed a shift of the
first mode just from 0.33 to 0.35 Hz, of the second mode from
1.07 to 1.21 Hz and of the third model from 1.18 to 1.32 Hz. There-
fore, we can state that to the aim of the present analysis, the Win-
kler module has not a first order effect.

The model was tuned several times in order to match the exper-
imental results. Our first attempt reproduced the original drawings
of Eiffel (10,100 tons), with a dead load at the third level of 60 tons
and the first flexion mode that we got from this model was located
at 0.45 Hz.

The actual presence of the telecommunication installations on
the top of the tower suggested a first increase of the mass on the
top up to 250 tons, so that the first flexion mode frequency shifted
to 0.37 Hz, while upper modes remained substantially unaffected.

However, according to the article printed in Le Moniteur [21],
the present mass of the tower is 11,700 tons. Since the structural
elements have not changed since 1989, the extra mass has to be
referred to dead loads at the different levels. We therefore dis-
tributed this dead load according to the surface of the levels, and
also considering that the first floor is actually composed of 2 plat-
forms. At the end, we increased the dead load at the first level of
800 tons, at the second level of 400 tons and at the top level of
360 tons. In this way we managed to reproduce the experimental
modal frequencies, as described in Table 3 and illustrated in Fig. 10.

4. Resistance to horizontal actions

4.1. Seismic actions

According to the most recent European Seismic Hazard Map
(SHARE Consortium, [39]) the bedrock Peak Ground Acceleration
(PGA0) with 10% exceedance probability in 50 years in Paris is
equal to 0.02 g (return period 475 years) while the PGA0 with 2%
exceedance probability (return period 2475 years) is lower than
0.05 g. In order to verify the seismic vulnerability of the Eiffel
tower, we selected 15 accelerometric recordings of real earth-
quakes characterized by PGA0 = [0.05, 0.1] g and occurred on stiff
subsoils by using the ITACA [18] database (Fig. 11). We extended
the PGA0 range compared to the assumptions stated above in order
to account for the uncertainty intrinsic in the seismic hazard
assessment estimates. Then, we computed the bedrock-to-surface
transfer function by using the subsoil model discussed in Sec-
tion 2.1. Our reference surface is the foundation level of the tower,
7 m below the actual ground level. By using the 15 selected input



Table 2
Summary of the main modal frequencies of the Eiffel tower.

No. Frequency
[Hz]

Period
[s]

Mode name/
mechanism

% of mass
(horizontal
only)

Justification

1 0.32 3.1 Horizontal
flexion (I)

40 At this frequency the motion involves mostly the upper-thin part of the tower. A vertical motion
(rocking) is observed at all levels and this implies a deformation of the ground and the fact that the
soil-structure interaction cannot be neglected

2 1 1 Horizontal
flexion (II)

7 Same linear velocity in the central and peripheral location. It is invisible at level 2

3 1.2 0.8 Torsion (I) 7 Lower linear velocity in the centre compared to the periphery, which is clearly visible at level 2
4 1.4 0.7 Horizontal

flexion (III)
5 Same linear velocity in the central and peripheral location. It is invisible at level 2

5 1.7 0.59 Horizontal
flexion (IV)

6 Same linear velocity in the central and peripheral location

6 2.1 0.48 Torsion (II) Lower linear velocity in the centre compared to the periphery

Table 3
Comparison of the experimental and the modelled modal frequencies and mechanisms of the Eiffel tower.

Experimental Modelled

No. Frequency [Hz] Mode name/mechanism Frequency [Hz] Mode name/mechanism

1 0.32 Horizontal flexion (I) 0.33 Flexion
2 1 Horizontal flexion (II) 1.07 Flexion
3 1.2 Torsion (I) 1.18 Torsion
4 1.4 Horizontal flexion (III) 1.25 Flexion
5 1.7 Horizontal flexion (IV) 1.62 Torsion
6 2.1 Torsion (II) 1.8 Torsion
7 2.2 Torsion

Fig. 10. Mode shapes of the first 5 modes of the Eiffel tower from the FEM. Torsion modes (3 and 5) are shown in the horizontal plane. Flexion modes (1, 2, 4) are shown in the
vertical plane.
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Fig. 11. The 15 real ground motions (accelerations) with PGA0 = [0.05,0.1]g (referring to the stiff bedrock conditions) selected for the seismic response analysis.
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motions on the bedrock and the computed bedrock-to-surface
transfer functions, we calculated the response spectra of the tower
(mean ± standard deviation in red in Fig. 12). To this aim we used
the 1D equivalent-linear code EERA by Bardet et al. [1] Appendix C.
The PGA expected on the foundation level of the Eiffel tower can be
read at period T = 0 s in the response spectra (Fig. 12) and is on
average 0.15 g. The spectral acceleration at 0.3 Hz (the first flexion
mode of the tower) is on average 0.02 g.

We computed the stress on the main tower beams induced by
the dead load, which has a maximum value of approximately
80 MPa at the bottom of the tower (Fig. 13A). Then, we used the
mean + standard deviation response spectrum (upper red dashed
curve in Fig. 12) as input of our FE model to calculate what PGA
could bring the tower to yielding. We see (Fig. 13B) that the max-
imum stress induced on the tower from the considered earth-
quakes is approximately 50 MPa and occurs close to the first
level of the tower, not on the same beams subjected to the maxi-
mum dead load.
Fig. 12. Response spectra computed for each input ground motion of Fig. 11 after
its convolution with the site response function (black lines). Mean values and
standard deviations in red. (For interpretation of the references to colour in this
figure legend, the reader is referred to the web version of this article.)
We do not know the exact mechanical parameters of the pud-
dled iron used in the tower. Therefore, we consider average values
published in the literature for this kind of material [22] which are
approximately [220,370] MPa for the ultimate tensile and com-
pression strength and [160,220] MPa for the yield point. By observ-
ing that the dead loads are fixed loads, it follows that we can accept
an earthquake induced PGA > 100% larger than the expected values
[0.05,0.1]g before the tower reaches the yielding stress.
4.2. Wind

Eiffel ([10], see also the translation in [25]) studied the stress of
the tower under two wind configurations. At that time, he could
only approach the problem from a static planar point of view, fol-
lowing the Culmann graphic method [8]. At present, detailed wind
numerical analyses are possible but this is not the aim of the pre-
sent paper. Here we approach the study of the wind induced dis-
placements with a 3D FE static approach, with the only purpose
of validating our model with Eiffel’s calculations.

The first wind action studied by Eiffel consisted in a uniform
load of 3 kN/m2 on the whole height. The second configuration
consisted in a linearly increasing load with height, ranging from
2 to 4 kN/m2. These apparently high values correspond to the mod-
ern evaluation of the pressure coefficient of lattice structures. First,
we verified that the forces computed with our FE model in the
beams at the different levels corresponded to those reported in
the Eiffel original project ([10], Fig. 7) and we found that the differ-
ences were acceptable (maximum 12%), particularly considering
that the 3D FEmodelling provides less discretized values compared
to what was possible at Eiffel’s time. An example of this compar-
ison is reported in Table 4 and refers to the section XXVII plate
XXXII (Fig. 7) in Eiffel [10].

After this check, we found that for the uniform wind configura-
tion (3 kN/m2) the maximum displacement clearly occurs on the
top of the tower and is around 60 cm, while for the variable (2–
4 kN/m2) wind configuration the maximum displacement is
70 cm, always on the top of the tower (Fig. 14).



Fig. 13. (A) Values (in MPa) of the dead stress on the main beams; (B) of the stresses induced on the beams from the average + 1 standard deviation earthquake expected at
the site with a 2% probability of being exceeded in 50 years (centre); and (C) sum of the stresses in (A) and (B).

Table 4
Forces in the beams (for each leg) as computed by Eiffel [10] due to the dead load and
to two wind configurations, compared with the results from the FE model. Differences
are in the order of 12% in all cases.

Maximum forces in the beams (for single leg)

Due to uniform wind (3 kN/m2) Due to dead load

Eiffel’s calculations 9827.5 kN 20,775 kN
FEM 11,670 ± 60 kN 26,850 ± 60 kN

Variable wind (2–4 kN/m2)
Eiffel’s calculations 9579.5 kN
FEM 11,450 ± 10 kN

Fig. 14. Displacement (in cm) of the tower (A) for a uniform wind load of 3 kN/m2 and (B) for a linearly increasing wind load from 2 to 4 kN/m2.

Fig. 15. A 2D prismatic beam element.

636 S. Castellaro et al. / Engineering Structures 126 (2016) 628–640
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According to Roland and Weidman [25], who translated
Eiffel’s technical drawing, the computed displacement would be
22 cm for a pressure of 78 kg/m2, which is in line with our findings.
5. Discussion and conclusions

The Eiffel tower is the most visited and popular monument in
the world. It is also a unique structure. While there exist hundreds
of architectural drawings of the tower, we could not find any
dynamic characterization of its behavior.

In this paper we show that such an important structure can be
sufficiently characterized in a fully passive, fast and cheap way,
under operative conditions. We achieved this goal by taking basi-
cally 4 measurements (1 per level at the external rim plus a central
one) of 6–100 min, that is in less than one-hour work.

The modal frequencies of the tower appear as clear peaks in the
spectra of the recorded motion. The observation of the peak ampli-
tudes allowed us to reconstruct the mode shapes and the percent-
age of the total mass moved by each mode. We must recall that
while the mode frequencies are correctly identified even with a
single instrument moved at different locations, the mode shapes
are correctly reconstructed – in the passive analysis – only under
the hypothesis of stationary vibration source. If this requirement
does not hold, then a reference instrument is needed. The main
vibration sources at frequencies below 2 Hz in nature are the atmo-
spheric perturbations [15,16,17,31,36]: during the survey, which
lasted less than 2 h, the weather and wind conditions remained
stable. On that November morning there were also very few tour-
ists on the tower and care was taken in removing transients due to
the movement of people from the spectra analysis. Therefore, we
believe that the amplitude of the spectra recorded at the different
level in different (but close) times, still reflects the mode shapes to
a good extent.

However, we note that working with a single instrument the
phase information, that is needed to reconstruct the mode shapes
beyond the first flexion mode (characterized by displacements
with the same sign at any level), is not available [30,13]. What
we got is therefore the absolute value of the mode shape, which
is nonetheless informative.

We found that the first flexion mode, which moves approxi-
mately the 40% of the tower mass in the horizontal plane, has a fre-
quency of 0.32 Hz. The displacement on the top of the tower due to
this motion is almost 2 orders of magnitude larger than on the sec-
ond floor. Large rocking (which shows up as a large amplification of
the vertical spectra at this frequency) is observed at all levels and
implies the ground participation to the tower movement. The soil-
structure interaction should therefore not be disregarded in the
model.

The following 5 modes (flexion, torsion, flexion, flexion, torsion)
move 5–7% of the mass each in the horizontal plane.

We also explored the subsoil around the tower. According to the
drillings of the late 1800, more than 15 m of alluvial sediments
(sands and silts) are present under the tower. We actually mea-
sured a clear resonance frequency at 2 Hz that, modelled jointly
with a surface wave dispersion curve available at a nearby site,
stands for the local bedrock at approximately 50 m depth and for
an average shear wave velocity of 250 m/s in the shallow alluvial
layers.

Assessing the resonance frequencies of structures and soil is
important in seismic countries to identify conditions of double res-
onance (e.g., [6]). In this case the subsoil resonance frequency coin-
cides with the frequency of the 6th mode, which is a torsion.
However, seismic hazard in Paris is low and the dynamic charac-
terization of the tower is not of primary interest in this respect.
However, by using the finite elements model of the tower and
the bedrock-to-surface transfer function reconstructed from the
measurements on the subsoil, we studied the response of the
tower to the characteristic earthquakes expected in Paris with a
return period of 475 and 2475 years, respectively (that is to peak
ground accelerations on the bedrock in the range [0.05,0.1]g).
We found that the tower could undergo PGA values >100% larger
than those expected from the seismic hazard maps before reaching
the yielding stress. The modal analysis of the tower is relevant for
several other reasons: first, to the wind actions. Gustave Eiffel
studied the effect of wind on the tower but he could only approach
this from a static planar point of view [10]. We studied the dis-
placements under the same extreme wind configurations studied
by Eiffel, by using the 3D FE model tuned on the experimental data.
We found that for a uniform wind load of 3 kN/m2, the maximum
displacement can be as large as 60 cm, while for a linearly
increasing wind load, from 2 to 4 kN/m2 the maximum displace-
ment can be in the order of 70 cm. This analysis was performed
in order to verify our model, within a 3D scheme, against the Eif-
fel’s calculation and is not meant to be a dynamic modern wind
analysis.

The modal analysis of the tower turns out to be interesting also
because the tower is very tall and light, which means that it is an
unusual structure with a large stiffness and a small mass, whose
behavior escapes intuitive forecasts.

Last, we think that it is quite impressive what can nowadays be
done in terms of structural characterization with a few minutes of
recordings on a structure, with no need for bulky equipment,
induced excitations, sophisticated software. Our 1-h work on the
tower is certainly not the most accurate survey than could be
planned on such a structure but it shows to be enough to charac-
terize the first 6 modes of the tower, that is what really matters
in the standard engineering practice.

Millions of visitors have taken millions of pictures of the Eiffel
tower over the last century. What we did in this work is a different
kind of photography (better saying video) of the tower, which fixes
the dynamic behavior of the tower at present. As many times in the
past, the non-structural masses of the tower are going to change
several more times in the future with the replacement of the eleva-
tors and of the antennas on the top, with different shops at the
lower levels, etc. The knowledge of the dynamic response of the
tower is important in the engineering practice to better
design the future interventions and to monitor the ageing of the
structure.

In the end, this paper also wants to be a tribute to the people
whose freedom was caught by a terroristic attack the same day
(November 13th, 2015) in which we got the freedom to take a
plane to Pairs with a seismometer in the backpack to see who of
us won the bet of getting the first mode frequency of the tower
right.
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Appendix A

The beam element incorporated in the FE code (MIDAS, further
details in http://en.midasuser.com/, last accessed August 2016)
used in this paper is a three-dimensional beam, under the follow-
ing assumptions:

– The element is a straight bar of uniform cross-section,
– The beam cross-section is a closed solid (thick-walled) section,
– The element cross-section bending and shear centers are
coincident,

http://en.midasuser.com/
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– The element is capable of resisting axial forces, bending
moments along the two main axes in the plane of its cross-
section, and twisting moments in respect to its centroid axis,

– The transverse shear effects are modelled according to the
Timoshenko beam theory,

– Torsional behavior is governed by the Poisson’s theory of tor-
sion (warping is not allowed),

– The element ends can be hinges,
– The element ends can be end-offsets along the local axes.

For convenience, we reduce the formulation of the prismatic,
isotropic beam element for the effects of transverse shear deforma-
tion to the 2D case, as in Fig. 15. According to the Timoshenko
beam theory, the plane normal to the neutral axis remains plane
after deformation. However, this plane is no longer normal to the
neutral axis due to the shear deformation. The total rotation of
the plane normal to the unstrained neutral axis is the sum of the
rotation of the tangential line to the neutral axis and the rotation
due to shear deformation:

b ¼ � @w
@x

þ c

where c is the shear strain, constant over the cross-section. Since
the shear stress and strain vary over the cross-section, the shear
ID Type Shape Name Area_x [cm2]

1 Value B Section XXVIII 909
2 Value B Section XXVII 880
3 Value B Section XXVI 865
4 Value B Section XXV 835
5 Value B Section XXIV 775
6 Value B Section XXIII 670
7 Value B Section XXII 654
8 Value B Section XXI 578
9 Value B Section XX 548
10 Value B Section XIX 548
11 Value B Section XVIII 548
12 Value B Section XVII_s 651
13 Value B Section XVI_s 651
14 Value B Section XV_s 651
15 Value B Section XIV_s 651
16 Value B Section XIII_s 651
17 Value B Section XII_s 651
18 Value B Section XI_s 668
19 Value L Section X_s 564
20 Value L Section IX_s 538
21 Value L Section VIII_s 538
22 Value L Section VII_s 384
23 Value L Section VI_s 384
24 Value L Section V_s 384
25 Value L Section IV_s 384
26 Value L Section III_s 384
27 Value L Section II_s 384
28 Value L Section I_s 319
29 Value B Section XVII_c 412
30 Value B Section XVI_c 412
31 Value B Section XV_c 412
32 Value B Section XIV_c 366
33 Value B Section XIII_c 263
strain c is an equivalent constant strain corresponding to the shear
area:

s ¼ V
As

; c ¼ s
G

where V is the shear force at the considered cross-section.
On the basis of these assumptions, the finite element formula-

tion is obtained by the fundamental virtual work principle or the
principle of total minimum potential energy, which is expressed
as follows for the beam of Fig. 15.

P ¼ EI
2

Z L

0

@b
@x

dxþ GAS

2

Z L

0

@w
@x

� b

� �2

dxþ
Z L

0
pwdx�

Z L

0
mbdx

where p and m represent the lateral force and moment per length
unit, respectively. The first two terms on the right side of the equa-
tion represent the strain energy corresponding to the flexure and
shear deformations. The last two integration terms represent the
potential energy of the external forces. The condition for the mini-
mum potential energy dP ¼ 0 is the basis for the formulation of a
beam element with shear deformation.

Appendix B

Properties of the 57 types of BEAM elements used in the FE
model of the Eiffel tower.
Area_y [cm2] Area_z [cm2] Ixx [cm4] Iyy [cm4] Izz [cm4]

472 472 1,349,400 900,917 900,917
456 456 1,308,740 873,683 873,683
448 448 1,288,280 859,982 859,982
432 432 1,247,100 832,416 832,416
400 400 1,163,710 776,615 776,615
344 344 1,014,410 676,790 676,790
336 336 992,731 662,302 662,302
296 296 882,996 588,994 588,994
280 280 838,477 559,264 559,264
280 280 838,477 559,264 559,264
280 280 838,477 559,264 559,264
350 350 351,906 235,933 235,933
350 350 351,906 235,933 235,933
350 350 351,906 235,933 235,933
350 350 351,906 235,933 235,933
350 350 351,906 235,933 235,933
350 350 351,906 235,933 235,933
360 360 359,630 241,197 241,197
250 250 6768 131,258 131,258
238 238 5821 125,746 125,746
238 238 5821 125,746 125,746
167 167 2048 92,608 92,608
167 167 2048 92,608 92,608
167 167 2048 92,608 92,608
167 167 2048 92,608 92,608
167 167 2048 92,608 92,608
167 167 2048 92,608 92,608
138 138 1158 77,961 77,961
215 215 235,551 157,351 157,351
215 215 235,551 157,351 157,351
215 215 235,551 157,351 157,351
190 190 211,441 141,180 141,180
135 135 155,447 103,711 103,711
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ID Type Shape Name Area_x [cm2] Area_y [cm2] Area_z [cm2] Ixx [cm4] Iyy [cm4] Izz [cm4]

34 Value B Section XII_c 263 135 135 155,447 103,711 103,711
35 Combined 2T1 Section XI_c 157 112 25 191 55,148 23,717
36 Combined 2T1 Section X_c 204 142 38 355 82,839 28,419
37 Combined 2T1 Section IX_c 204 142 38 355 82,839 28,419
38 Combined 2T1 Section VIII_c 204 142 38 355 82,839 28,419
39 Combined 2T1 Section VII_c 204 142 38 355 82,839 28,419
40 Combined 2T1 Section VI_c 204 142 38 355 82,839 28,419
41 Combined 2T1 Section V_c 204 142 38 355 82,839 28,419
42 Combined 2T1 Section IV_c 204 142 38 355 82,839 28,419
43 Combined 2T1 Section III_c 204 142 38 355 82,839 28,419
44 Combined 2T1 Section II_c 204 142 38 355 82,839 28,419
45 Combined 2T1 Section I_c 204 142 38 355 82,839 28,419
46 Combined 2T1 Top elements 204 142 38 355 82,839 28,419
47 DB/User 2L Horiz. Diagonals II–III level 24 11 11 5 147 25,512
48 Combined 4L 4L80x8 VERT 49 21 21 10 57,502 57,502
49 Combined I2T Horiz. Diagonals 0–II level 178 57 98 47 76,134 384,081
50 Combined 4L 4L45x5 17 8 8 1 23,065 23,065
51 Combined 4L 4L80�8 49 21 21 10 57,502 57,502
52 Combined 4L 4L80�10 60 27 27 20 71,220 71,220
53 DB/User 2L Horiz. Diagonals I floor 24 11 11 5 147 25,512
54 DB/User 2L 2L70�7 19 8 8 3 86 204
55 DB/User 2L 2L80�8 24 11 11 5 147 337
56 Value 2C Ist floor beams Diagonal 154 13 144 190 18,526 200,909
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Appendix C

During past earthquakes, the ground motion on soft soil sites
was found to be larger than on nearby rock outcrops, depending
on local soil conditions (e.g., [27]). These amplifications of soil site
responses started to be simulated in several ways, usually assum-
ing simplified soil deposit conditions such as horizontal soil layers
of infinite extent subjected to transient and vertically travelling
shear waves. The classical approach assumes that the cyclic soil
behavior can be simulated using an equivalent linear model, which
is extensively described in the geotechnical earthquake engineer-
ing literature (e.g., [27,20]). The wave propagation solutions used
are those of Kanai [19], Roesset and Whitman [24], and Tsai and
Housner [34]. The equivalent linear model represents the soil
stress-strain response based on a Kelvin-Voigt (spring-mass-
damper) model. For some of the limits of these models see also
Castellaro and Mulargia [7].
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